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Abstract
Let f : R+ × X → X be a topological semi flow on a Polish space X. In 1977, Karl Sigmund
conjectured that if there is a point x in X such that the motion f (t, x) has just X as its minimal
center of attraction, then the set of all such x is residual in X. In this paper, we present a positive
solution to this conjecture and apply it to the study of chaotic dynamics of minimal center of
attraction of a motion.
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1. Introduction
By a C0-semi flow over a metric space X, we here mean a transformation f : R+ × X → X
where R+ = [0,∞), which satisfies the following three conditions:
(1) The initial condition: f (0, x) = x for all x ∈ X.
(2) The condition of continuity: if there be given two convergent sequences tn → t0 in R+ and
xn → x0 in X, then f (tn, xn) → f (t0, x0) as n → ∞.
(3) The semigroup condition: f (t2, f (t1, x)) = f (t1 + t2, x) for any x in X and any times t1, t2 in
R+.
Sometimes we write f (t, x) = f t(x) for any t ≥ 0 and x ∈ X; and for any given point x ∈ X we
call f (t, x) a motion in X and O f (x) = f (R+, x) the orbit starting from the point x. If O f (x) is
precompact (i.e. O f (x) is compact) in X, then we say that f (t, x) is Lagrange stable.
We refer to any subset Λ of X as an invariant set if f (t, x) ∈ Λ for each pint x ∈ Λ and any
time t ≥ 0. In dynamical systems, statistical mechanics and ergodic theory, we shall have to do
with “probability of sojourn of a motion f (t, x) in a given region E of X” as t → +∞:
P( f (t, x) ∈ E) = lim
T→+∞
1
T
∫ T
0
1E( f (t, x))dt,
where 1E(x) is the characteristic function of the set E on X.
This motivates H.F. Hilmy to introduce following important concept, which was discussed in
[13, 15, 16, 12], for example.
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Definition 1.1 (Hilmy 1936 [10]). Given any x ∈ X, a closed subset Cx of X is called the center
of attraction of the motion f (t, x) as t → +∞ if P( f (t, x) ∈ Bε(Cx)) = 1 for all ε > 0, where
Bε(Cx) denotes the ε-neighborhood around Cx in X. If the set Cx does not admit a proper subset
which is likewise a center of attraction of the motion f (t, x) as t → +∞, then Cx is called the
minimal center of attraction of the motion f (t, x) as t → +∞.
First of all, by the classical Cantor-Baire theorem and Zorn’s lemma we can obtain the fol-
lowing basic existence lemma.
Lemma 1.2. Let f : R × X → X be a C0-semi flow on a metric space X. Then each Lagrange
stable motion f (t, x) always possesses the minimal center of attraction.
From now on, by Cx we will understand the minimal center of attraction of a Lagrange stable
motion f (t, x) as t → +∞. In [16], Karl Sigmund gave an intrinsic characterization for Cx. In this
paper, we shall study the generic property and chaotic dynamics occurring in Cx for a Lagrange
stable motion f (t, x).
Just as the existence of one point which is topologically transitive implies that a residual set
is topologically transitive, in 1977 Karl Sigmund raised the following open problem:
Conjecture 1.3 (K. Sigmund 1977 [16, Remark 4]). For any homeomorphism f of a compact
metric space X, the set of points x ∈ X with Cx = X, if nonempty, is residual in X.
Since a residual set contains a dense and Gδ subset of X, it is very large from the viewpoint
of topology. Although Sigmund’s conjecture is of interest, there has not been any progresses on
it since 1977 except f satisfies the “specification” property ([16, Proposition 6]). In Section 2,
we will present a positive solution to Sigmund’s conjecture without any imposed shadowing
assumption like specification, which is stated as follows:
Theorem 1.4. Let f : R+ ×X → X be a C0-semi flow on a Polish space X. If some motion f (t, x)
is such that Cx = X, then the set {x ∈ X : Cx = X} is residual in X.
Our argument of Theorem 1.4 below also works for discrete-time case. Thus we can obtain
the following:
Corollary. For any continuous transformation f of a Polish space X, the set of points x ∈ X with
Cx = X, if nonempty, is residual in X.
We now turn to some applications of Theorem 1.4. For our convenience, we first introduce
two notions for a C0-semi flow f : R+ × X → X on a Polish space X.
Definition 1.5. An f -invariant subset Λ of X is referred to as generic if there exists some point
x ∈ Λ with Λ = Cx.
According to Conjecture 1.3 (or precisely speaking Theorem 1.4) for any generic minimal
center of attraction Cx of a motion f (t, x), the set of points y ∈ Cx with Cx = Cy is residual in Cx.
Definition 1.6. We say that a motion f (t, x) is chaotic for f if there can be found some point
y ∈ X such that
lim inf
t→+∞
d( f (t, x), y) = 0, lim sup
t→+∞
d( f (t, x), y) > 0
and
lim inf
t→+∞
d( f (t, x), f (t, y)) = 0, lim sup
t→+∞
d( f (t, x), f (t, y)) > 0.
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By using Theorem 1.4, we will show that if Cx is not generic, then the chaotic behavior occurs
near Cx; see Theorems 3.1 and 3.2 stated and proved in Section 3. On the other hand wheneverCx
is generic and it is not “very simple”, then chaotic motions are generic in Cx; that is the following
Theorem 1.7. Let f (t, p) be a Lagrange stable motion in a Polish space X. If Cp is generic and
itself is not a minimal subset of (X, f ), then there exists a residual subset S of Cp such that f (t, x)
is chaotic for each x ∈ S .
In Section 4 we will consider a relationship of the minimal center of attraction of a motion
with the pointwise recurrence.
Finally we shall consider the multiply attracting of the minimal center of attraction of a
motion in Section 5.
2. Proof of Sigmund’s conjecture
This section will be devoted to proving Karl Sigmund’s Conjecture 1.3 in the continuous-time
case; that is, Theorem 1.4.
Recall that if a continuous surjective map T : X → X is topologically transitive, then for a
countable basis U1,U2, . . . ,Un, . . . of the underlying space X, the set
{
x ∈ X
∣∣OT (x) = X} =
+∞⋂
n=1
+∞⋃
m=0
T−m(Un), where OT (x) = {T n x : n ∈ Z+} ,
is a dense Gδ set in X because
⋃
+∞
m=0 T−m(Un) is open and dense in X. It is easy to see that this
standard argument for topological transitivity does not work here for Sigmund’s conjecture (or
Theorem 1.4). So we need a new idea that will explore the times of sojourn of a motion in a
domain.
Given any x ∈ X, let Ux be the neighborhood system of the point x in X. To prove Conjec-
ture 1.3, we will need a classical result, which shows that Cx consists of the points y ∈ X which
are interesting for x.
Lemma 2.1 ([10, 15] for C0-flow). Let f : R+ × X → X be a C0-semi flow on a metric space X.
Then for any x ∈ X, there holds
Cx =
{
y ∈ X
∣∣∣∣ lim sup
T→+∞
1
T
∫ T
0
1U( f (t, x))dt > 0 ∀U ∈ Uy
}
.
Proof. For self-closeness, we present an independent proof for this lemma which is shorter than
that of [15]. Let x ∈ X and write
I(x) =
{
y ∈ X
∣∣∣∣ lim sup
T→+∞
1
T
∫ T
0
1U( f (t, x))dt > 0 ∀U ∈ Uy
}
.
We first claim that Cx ⊆ I(x). Indeed, for any q ∈ Cx, let U ∈ Uq be a neighborhood of q in X;
then
lim sup
T→+∞
1
T
∫ T
0
1U( f (t, x))dt > 0.
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Otherwise, one would find some ε > 0 so that
lim
T→+∞
1
T
∫ T
0
1B3ε(q)( f (t, x))dt = 0.
Further Cx − B2ε(q) is a center of attraction of the motion f (t, x) and we thus arrive at a contra-
diction to the minimality of Cx.
Finally we assert that Cx ⊇ I(x). By contradiction, let q ∈ I(x) − Cx and then we can take
some ε > 0 such that d(q,Cx) ≥ 3ε. Set
N(Bε(q)) = {t ≥ 0 | f (t, x) ∈ Bε(q) for 1 ≤ i ≤ l}
and
N(Bε(Cx)) = {t ≥ 0 | f (t, x) ∈ Bε(Cx) for 1 ≤ i ≤ l}.
Clearly N(Bε(q))∩N(Bε(Cx)) = ∅. However, by definitions, N(Bε(q)) has positive upper density
and N(Bε(Cx)) has density 1 in [0,∞). This is a contradiction.
The proof of Lemma 2.1 is thus completed.
In Definition 1.1 we do not require the f -invariance of Cx. However, it is actually f -invariant
by Lemma 2.1.
Corollary 2.2. Let f : R+ × X → X be a C0-semi flow on a metric space X. For any x ∈ X, Cx is
f -invariant.
Since for any real number θ > 0 and any integer N ≥ 0 there holds
0 ≤
∫ θ
0
1U( f (Nθ + t, x))dt ≤ θ,
then Lemma 2.1 implies immediately the following.
Corollary 2.3. Let f : R+ × X → X be a C0-semi flow on a Polish space X. For any x ∈ X and
any θ > 0, there holds
Cx =
{
y ∈ X
∣∣∣∣ lim sup
N∋N→+∞
1
N
∫ Nθ
0
1U( f (t, x))dt > 0 ∀U ∈ Uy
}
.
Here N = {1, 2, . . . }.
Proof. The statement follows from that T = NT θ + rT where NT ∈ N, 0 ≤ rT < θ for any T ≥ 1
and that
lim sup
T→+∞
1
T
∫ T
0
1U( f (t, x))dt = lim sup
N∋N→+∞
1
Nθ
∫ Nθ
0
1U( f (t, x))dt
for any U ∈ Uy and any y ∈ X.
We are now ready to prove one of our main statements—Theorem 1.4—by applying Lemma 2.1
and Corollaries 2.2 and 2.3.
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Proof of Theorem 1.4. Write Θ = {x ∈ X : Cx = X} and let x ∈ X be such that Cx = X. Then
from Lemma 2.1, it follows that the orbit O f (x) = f (R+, x) is dense in X and that O f (x) ⊆ Θ
such that for any y ∈ O f (x),
lim sup
N∋N→∞
1
N
∫ N
0
1U( f (t, x))dt = lim sup
N∋N→∞
1
N
∫ N
0
1U( f (t, y))dt,
for every nonempty U ∈ TX , where TX is the topology of the space X.
Let U = {Ui}∞i=1 be an any given countable base of the topology TX of the state space X.
Then by Corollary 2.3, we can choose a sequence of positive integers Li, i = 1, 2, . . . , such that
lim sup
N∋N→∞
1
N
∫ N
0
1Ui ( f (t, x))dt >
1
Li
,
for all i = 1, 2, . . . . For each i, write
Θi =
{
y ∈ X
∣∣∀n0 ∈ N,∃n > n0 with
∫ nLi
0
1Ui ( f (t, y))dt > n
}
.
From the continuity of f (t, y) with respect to (t, y) and
Θi =
∞⋂
n0=1
⋃
n>n0
{
y ∈ X
∣∣ ∫ nLi
0
1Ui ( f (t, y))dt > n
}
,
it follows that Θi is a Gδ subset of X. Because x belongs to Θi by noting N = nN Li + rN and
limN→∞ rNN = 0 where 0 ≤ rN < Li and then similarly O f (x) ⊆ Θi, there follows
⋂∞
i=1 Θi is a
dense and Gδ set in X.
Since for any y ∈
⋂∞
i=1 Θi we have
lim sup
N∋N→∞
1
N
∫ N
0
1Ui ( f (t, y))dt ≥
1
Li
> 0
for any Ui ∈ U and U is a base of the topology TX of the space X, we see that y ∈ Θ from
Corollary 2.3. Therefore,Θ is a residual set in X.
This completes the proof of Theorem 1.4.
Finally we mention that the statement of Theorem 1.4 is also valid for a continuous transfor-
mation f : X → X of a Polish space X.
3. Li-Yorke chaotic pairs and sensitive dependence on initial data
In this section, we shall apply Theorem 1.4 to the study of chaos of a topological dynamical
system on a Polish space X.
Let f : R+ × X → X be a C0-semi flow on the Polish space (X, d). Recall that two points
x, y ∈ X is called a Li-Yorke chaotic pair for f if
lim sup
t→+∞
d( f (t, x), f (t, y)) > 0 and lim inf
t→+∞
d( f (t, x), f (t, y)) = 0.
That is to say, x is proximal to y but not asymptotical. If there can be found an uncountable set
S ⊂ X such that every pair of points x, y ∈ S , x , y, is a Li-Yorke chaotic pair for f , then we say
f is Li-Yorke chaotic; see, e.g., Li and Yorke 1975 [14].
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3.1. Nongeneric case
Let f : R+ × X → X be a C0-semi flow on a compact metric space. The following theorem
shows that if Cx has no the generic dynamics in the sense of Definition 1.5, then f has the chaotic
dynamics.
Theorem 3.1. Given any x ∈ X, if Cx is not generic, then one can find some point q ∈ ∆, for any
closed f -invariant subset ∆ ⊆ Cx, such that (x, q) is a Li-Yorke chaotic pair for f .
Proof. Given any x ∈ X, let Cx be not generic in the sense of Definition 1.5. Let ∆ be an f -
invariant nonempty closed subset of Cx. Then by Theorem 1.4 it follows that x < Cx. Moreover
from Definition 1.1, we can obtain that x is proximal to ∆; that is,
lim inf
t→+∞
d( f (t, x), f (t,∆)) = 0.
Then from [1, 6] also [7, Proposition 8.6], it follows that there exists some point q ∈ ∆ such that
lim inf
t→+∞
d( f (t, x), f (t, q)) = 0.
We claim that lim supt→+∞ d( f (t, x), f (t, q)) > 0. Otherwise, limt→+∞ d( f (t, x), f (t, q)) = 0 and
thus Cx = Cq; and then Cx is generic by Theorem 1.4.
The proof of Theorem 3.1 is therefore complete.
Corollary 1. Given any x ∈ X, if Cx is not generic, then one can find some point q ∈ Cx such
that (x, q) is a Li-Yorke chaotic pair for f and the set
N f (x, Bε(q)) = {t ≥ 0: f (t, x) ∈ Bε(q)}
is a central set in R+, which has positive upper density.
Proof. Let ∆ ⊂ Cx be a minimal set. Then there can be found by Theorem 3.1 a point q ∈ ∆
such that (x, q) is a Li-Yorke chaotic pair for f . By definition (cf. [7, Definition 8.3] and [5,
Definition 7.2]) N f (x, Bε(q)) is a central set of R+ for each ε > 0. In addition, by Lemma 2.1 it
follows that N f (x, Bε(q)) has positive upper density. This proves the corollary.
Corollary 2. Let there exist a fixed point or a periodic orbit in the minimal centerCx of attraction
of a motion f (t, x). Then we can find a Li-Yorke chaotic pair near Cx.
Proof. First if Cx is generic in the sense of Definition 1.5, then f restricted to it is topologically
transitive and has a fixed point or a periodic orbit. Then by Huang and Ye 2002 [11, Theorem 4.1],
it follows that f restricted to Cx is chaotic in the sense of Li and Yorke.
On the other hand, if Cx is not generic in the sense of Definition 1.5, then from Theorem 3.1
it follows that there always exists a Li-Yorke chaotic pair near Cx.
The proof of the corollary is thus complete.
Recall that a motion f (t, x) is referred to as a Birkhoff recurrent motion of f if O f (x) is
minimal (cf. [15, 3]). It is also called “uniformly recurrent” in [7] and “almost periodic” of von
Neumann in [9] in the discrete-time case.
Motivated by [2, 8, 4] we can obtain the following theorem on sensitivity on initial data near
the minimal center of attraction of a motion.
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Theorem 3.2. Let Cx, for a motion f (t, x), be not generic. If the Birkhoff recurrent points of f
are dense in Cx, then f has the sensitive dependence on initial data near Cx in the sense that one
can find a sensitive constant ǫ > 0 such that for any a ∈ X, xˆ ∈ Cx and any U ∈ Uxˆ, there exists
some point c ∈ U with lim supt→+∞ d
( f (t, a), f (t, c)) ≥ ǫ.
Proof. Since Cx is not generic, by Theorem 1.4 it follows that it is not minimal and so it contains
at least two different motions of f far away each other. Thus one can find a number δ > 0 such
that for all xˆ ∈ Cx there exists a corresponding motion f (t, q) in Cx, not necessarily recurrent,
such that
d
(
xˆ,O f (q)
)
≥ δ,
where d(xˆ, A) = infa∈A d(xˆ, a) for any subset A of X. We will show that f has sensitive depen-
dence on initial data with sensitivity constant ǫ = δ/4 following the idea of [4, Theorem 4].
For this, we let xˆ be an arbitrary point in Cx and let U be an arbitrary neighborhood of xˆ in X.
Since the Birkhoff recurrent motions of (X, f ) are dense in Cx from assumption of the theorem,
there exists a Birkhoff recurrent point p ∈ U∩Bǫ/2(xˆ)∩Cx, where Br(xˆ) is the open ball of radius
r centered at xˆ in X. As we noted above, there must exist another point q ∈ Cx whose orbit O f (q)
is of distance at least 4ǫ from the given point xˆ.
Let η > 0 be such that η < ǫ/2. Then from the Birkhoff recurrence of the motion f (t, p),
it follows that one can find a constant T = T (η, p) > 0 such that for any γ ≥ 0, there is some
moment tγ ∈ [γ, γ + T ) verifying that
d
(
p, f tγ (p)) < η.
For the given q, we simply write
V =
⋂
t∈[0,2T )
f −t(Bǫ( f t(q))), where f −t(·) = f (t, ·)−1.
Clearly from the continuity of topological flow, it follows that V is a neighborhood of q in X but
not necessarily open, and it is nonempty since q ∈ V .
Since Cx is the minimal center of attraction of the motion f (t, x), from Lemma 2.1 it follows
that there is at least one point z ∈ U ∩ Bǫ(xˆ) such that f N(z) ∈ V for some sufficiently large
number N ≫ T . Let
N = jT − r where 0 ≤ r < T, j ∈ N,
and
t jT ∈ [ jT, ( j + 1)T ) such that d(p, f t jT (p)) < η.
Then 0 ≤ t jT − N < 2T .
By construction, one has
f t jT (z) = f t jT−N( f N(z)) ∈ f t jT−N(V) ⊆ Bǫ( f t jT−N(q)).
From the triangle inequality of metric, it follows that
d( f t jT (p), f t jT (z)) ≥ d(p, f t jT (z)) − η
≥ d(xˆ, f t jT (z)) − d(p, xˆ) − η
≥ d(xˆ, f t jT−N(q)) − d( f t jT−N(q), f t jT (z)) − d(p, xˆ) − η.
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Consequently, since η < ǫ/2, p ∈ Bǫ/2(xˆ) and f t jT (z) ∈ Bǫ( f t jT−N(q)), it holds that
d( f t jT (p), f t jT (z)) > 2ǫ.
Therefore from the triangle inequality again, one can obtain either
d( f t jT (xˆ), f t jT (z)) > ǫ
or
d( f t jT (xˆ), f t jT (p)) > ǫ.
Repeating this argument for another likewise N bigger than ( j + 2)T , one can find a sequence
tn = jnT ↑ +∞ as n → +∞ such that either
d( f tn (xˆ), f tn (z)) > ǫ
or
d( f tn (xˆ), f tn (p)) > ǫ,
for all n ≥ 1. Thus in either case, we have found a point yˆ ∈ U such that
lim sup
t→+∞
d( f t(xˆ), f t(yˆ)) ≥ ǫ.
Now for any a ∈ X, using the triangle inequality once more, we see either
lim sup
t→+∞
d( f t(xˆ), f t(a)) ≥ ǫ3
or
lim sup
t→+∞
d( f t(yˆ), f t(a)) ≥ ǫ3 .
Since xˆ,U both are arbitrary and yˆ ∈ U, hence the proof of Theorem 3.2 is complete.
We note that if (Cx, f ) is distal (cf. [7, Definition 8.2]) and not minimal and even not topo-
logically transitive, then the conditions of Theorem 3.2 hold; i.e., the Birkhoff recurrent points
are dense in Cx. In fact, Cx consists of Birkhoff recurrent points ([7, Corollary of Theorem 8.7])
and it is not topologically transitive.
3.2. Generic case
Let f : R+×X → X be a C0-semi flow on a Polish space and f (t, p) a Lagrange stable motion.
Then the minimal center Cp of attraction of the motion f (t, p) is always existent. Theorem 1.7 is
just a corollary of the following
Theorem 3.3. Let Cp be generic and not a minimal subset of (X, f ). Then there exists a residual
subset S of Cp such that for any x ∈ S and any minimal subset Λ ⊂ Cp, there corresponds some
point y ∈ Λ with the properties: x, y form a Li-Yorke chaotic pair for f and
lim inf
t→+∞
d( f (t, x), y) = 0 and lim sup
t→+∞
d( f (t, x), y) ≥ 1
2
diam(Cp).
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Proof. Since Cp is generic in the sense of Definition 1.5, there exists some point q ∈ Cp with
Cq = Cp. Therefore by Theorem 1.4, there is a residual subset S of Cp such that Cx = Cp for all
point x in S . Because Cp is not a minimal subset of X by hypothesis of Theorem 1.7, O f (x) is
not minimal for each x ∈ S .
Let Λ be a minimal subset of Cp. Then each x ∈ S is proximal to Λ. Moreover by [7,
Theorem 8.7], it follows that for every x ∈ S , there corresponds some point y ∈ Λ such that x
is proximal to y and f (t, y) is Birkhoff recurrent (or uniformly recurrent). Clearly, x and y is a
Li-Yorke chaotic pair for f . In addition, from Lemma 2.1 follows that
lim sup
t→+∞
d( f (t, x), y) ≥ 1
2
diam(Cp)
and
lim inf
t→+∞
d( f (t, x), y) = 0.
This completes the proof of Theorem 3.3.
Therefore by Theorems 3.1 and 3.3, it follows that every Lagrange stable motion f (t, x) is
chaotic in the sense of Definition 1.6 if its minimal center Cx of attraction is not a minimal subset
of (X, f ).
4. Quasi-weakly almost periodic motion
In this section, we let f : R+ × X → X be a C0-semi flow on the compact metric space X.
Definition 4.1 (Huang-Zhou 2012 [12]). A point x in X is called a quasi-weakly almost periodic
point of f if for any ε > 0 there exists an integer N = N(ε) ≥ 1 and an increasing positive integer
sequence {n j} with the property that for each j there are 0 = t0 < t1 < · · · < tn j < n jN with
ti+1 − ti ≥ 1 such that f (ti, x) ∈ Bε(x) for all i = 1, . . . , n j.
As results of the statements of Lemma 2.1 and Theorem 1.4, we can obtain the following two
results.
Proposition 4.2. The following statements are equivalent to each other.
(1) x ∈ X is a quasi-weakly almost periodic point of f .
(2) x ∈ Cx.
Proof. (1)⇒(2) follows from Lemma 2.1. (2)⇒(1) follows from Lemma 2.1 and the local section
theorem of Bebutov (cf. [15, Theorem V.2.14]).
Proposition 4.2 has been proved in [12] in the case where x is a Poisson stable point of f ,
i.e., there is a sequence tn → ∞ such that f (tn, x) → x as n → ∞.
Proposition 4.3. If x ∈ Cx, then the set {y ∈ Cx | y ∈ Cy = Cx} is dense and Gδ relative to the
subspace Cx.
Proof. The statement follows from Theorem 1.4 with Cx replacing of X.
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5. Minimal center of multi-attraction of a motion
Let f : R+×X → X be a C0-semi flow on a Polish space X. From now on, by λ(dt) we denote
the standard Haar (Lebesque) measure on R. We will need the following simple but useful fact.
Lemma 5.1. Let S be a measurable subset of R+ and τ > 0. If S has the density α, i.e.,
D(S ) := lim
T→+∞
λ(S ∩ [0, T ])
T
= α,
then τS = {τt : t ∈ S } also has the density α in R+.
Proof. Let τ > 0 be any given. Since λ(τA) = τλ(A) and λ(τS ∩ [0, T ]) = τλ(S ∩ [0, Tτ−1]),
hence it follows that D(τS ) = 1. This proves the lemma.
It should be noted here that there is no an analogous result for the discrete-time Z+; for
example, S = {0, 2, 4, 6, . . . } has the density 12 but
1
2 S has the density 1 in Z+.
The following lemma shows that every minimal center of attraction of a motion f (t, x) is
multiply attracting as t → +∞.
Lemma 5.2. Let Cx be existent for a motion f (t, x) as t → +∞. Then for any t1 > 0, . . . , tl > 0
where l ∈ N and any ε > 0,
lim
T→+∞
1
T
∫ T
0
1Bε(Cx)( f (t1t, x)) · · ·1Bε(Cx)( f (tlt, x))dt = 1.
Proof. For any τ > 0 and any open set U, define an open set
Nτ(x,U) = {t : 0 ≤ t < +∞, f (τt, x) ∈ U}.
It is easy to check that τ−1N1(x,U) = Nτ(x,U). Then by Lemma 5.1 and Definition 1.1, it follows
that Nt1 (x, Bε(Cx)), . . . , Ntl (x, Bε(Cx)) all have the density 1. Thus
Nt1 ,...,tl(x, Bε(Cx)) := Nt1 (x, Bε(Cx)) ∩ · · · ∩ Ntl (x, Bε(Cx))
also has the density 1 in R+. This completes the proof of Lemma 5.2.
Recall that a motion f (t, x) is said to be Lagrange stable as t → +∞ if the orbit-closureO f (x)
is compact in X (cf. [15]). As a direct result of Lemma 5.2, we can obtain the following.
Corollary 5.3. For any Lagrange stable motion f (t, x) as t → +∞, Cx is the minimal closed
subset of X such that for any t1 > 0, . . . , tl > 0 and any ε > 0,
lim
T→+∞
1
T
∫ T
0
1Bε(Cx)( f (t1t, x)) · · ·1Bε(Cx)( f (tlt, x))dt = 1.
This result shows that Cx is the “minimal center of multi-attraction” of a Lagrange stable
motion f (t, x) as t → +∞.
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